A femtosecond soliton erbium-doped fiber ring laser with the symmetrical saturable absorber (SA) of graded index multimode fiber-step index multimode fiber-graded index multimode fiber (GIMF-SIMF-GIMF) is proposed and proved. Based on the nonlinear multimode interference (NL-MMI) effect of SA, the fiber laser achieved femtosecond soliton mode-locking operation and repetition rate tuning. The duration of soliton was 364 fs at 1562.5 nm and repetition rate was tunable from 10.29 MHz to 763.36 MHz. In the structure of SA, a short step index multimode fiber (SIMF) was inserted between two graded index multimode fibers (GIMFs) to generate more high-order modes, adjust the self-focusing length, and improve operation stability of mode-locked fiber laser. The SA also has the advantages of immunity to the external environment variation, high damage threshold and inoxidizability, which make the laser operate stably for a long time.
Introduction
The ultrafast soliton fiber lasers with adjustable repetition rate have widely been paid attention by researchers due to their meaningful applications in fiber optic sensing, nonlinear optics, optical communications, biomedical applications, etc. [1] - [3] . The passively mode-locked laser, with a simple and compact structure, no modulator, narrower pulse, and higher repetition frequency, is an effective scheme for generating adjustable repetition rate femtosecond soliton [4] - [6] . The SA is a critical optical device in passively mode-locked lasers. So far, various two-dimensional materials SAs have been reported, such as graphene [7] , topological insulators [8] , molybdenum disulfide [9] , tungsten disulfide [10] , black phosphorous [11] , and so on. The above SAs are generally integrated into the fiber end face in the form of a thin film, or deposited on the surface of a tapered micro-nano fiber, and the thickness (or molecular/atomic layer number) of the two-dimensional materials needs to be precisely controlled. Besides, due to they are easily oxidized and damped, their long-term stability is poor. Researchers in the field of ultrafast photonics have never stopped looking for better-performing SAs to improve the performance of ultrafast fiber lasers, such as better stability, narrower pulse width, higher repetition rates, and higher pulse energy.
Recently, graded index multimode fiber (GIMF) has attracted tremendous interests due to its nonlinear optical properties, such as self-phase modulation (SPM), cross-phase modulation (XPM), and NL-MMI [12] - [19] . In 2013, Nazmosadat and Mafi indicated the simple geometry of single mode fiber-graded index multimode fiber-single mode fiber (SMF-GIMF-SMF) can use as SA for modelocked fiber lasers in theory [20] . In 2017, the step index multimode fiber-graded index multimode fiber (SIMF-GIMF) hybrid structure was proved to be a SA for a mode-locked fiber laser by Wang et al. and Li et al., respectively [21] , [22] . In 2018, Yang et al. demonstrated that the SMF-GIMF-SMF structure with an inner micro-cavity can be used as a SA for mode-locked fiber laser [23] . Also in 2018, it was designed that a central wavelength tunable mode-locked erbium-doped fiber laser by stretching the GIMF in the SMF-GIMF-SMF geometry, the durations of pulse is 506 fs at 1572.5 nm and 416 fs at 1591.4 nm, in the report of Wang et al. [24] ; Dong et al. presented a fiber laser with pulse duration of 17.6 ps and repetition rate of 37.619 MHz, by using SMF-GIMF-GIMF-SMF structure of offset splice two kinds of GIMFs with different core-diameters [25] . In 2019, a mode-locked fiber laser at 2 μm was demonstrated by using a SA fabricated by a splice of single mode-no core-graded index multimode-single mode fiber (SMF-NCF-GIMF-SMF), the pulse width and repetition rate were 1.25 ps and 18.91 MHz, respectively, in the report by Li et al. [26] . Zhang et al. reported that a SMF-GIMF-SMF twined into polarization controller (PC) was proposed as a SA, to generate ultrashort pulse in fiber laser, the fundamental repetition rate of 25 MHz and pulse duration of 559 fs can be obtained by adjusting the paddles [27] .
However, the structures of the SAs above-mentioned are not good enough. For the SMF-GIMF-SMF structure, the length of the GIMF needs to be precisely controlled, although some researchers adjusted the length of GIMF by stretching method, which is inconvenient in practice. For the SIMF-GIMF structure, it is controlled difficultly to bend the SIMF in a right radius to choice transverse mode during the experiment. For the SMF-GIMF-SMF structure with an inner micro-cavity, it is difficulty to fabricate for the inner micro-cavity. For the SMF-GIMF-GIMF-SMF structure with offset splice spot between two kinds of GIMFs with different core-diameters, it is difficult to control the offset value between two GIMFs in operation. Therefore, it is interesting to design a SA that is easy to manufacture and has excellent performance.
In this paper, a new symmetrical GIMF-SIMF-GIMF structure was designed as the stable wideband SA. It was used to build an all-fiber laser with a soliton-duration of 364 fs at 1562.5 nm. The laser repetition rate was adjustable from 10.29 MHz to 763.36 MHz by increasing pump power and rotating PC properly, it also has the characteristics of low mode-locking threshold (20 mW) and good stability. In addition, this kind of SA has the advantages of immunity to the external environment variation, high damage threshold, inoxidizability, manufactured easily, low cost, and all-fiber structure.
Fabrication, Working Mechanism and Characterization of GIMF-SIMF-GIMF SA
The GIMF-SIMF-GIMF SA, shown as Fig. 1 , was conveniently fabricated by using a fiber fusion splicer. It consists of a piece of GIMF (Yangtze Optical Fiber, core/cladding 62.5/125, length 20 cm), a piece of SIMF (Yangtze Optical Fiber, core/cladding 105/125, length 330 μm), and a piece of GIMF (Yangtze Optical Fiber, core/cladding 50/125, length 20 cm). The SIMF was inserted between two GIMFs for generating more high-order modes and adjusting the self-focusing length.
NL-MMI is the interference of excited modes in a multimode fiber when single-mode light is coupled to a multimode fiber which results in a periodic interference pattern along the fiber [20] - [22] . This is also called the self-imaging or self-focusing. It takes place when the input field is replicated after travelling some distance in the direction of propagation in the GIMF. In the nonlinear regime where the peak power of soliton is high, both SPM and XPM effects influence the propagation constant of every mode and hence change the self-imaging length of the laser in the GIMF. Therefore, the self-imaging length of the soliton wing is different from its peak, in other words, the relative power transmission of soliton wing is different from its peak when a soliton is coupled from the GIMF to the SMF. Fig. 1 illustrates the working mechanism of the GIMF-SIMF-GIMF SA. For the low intensity laser incident from a single-mode fiber, shown as the blue dotted arrow, the laser beam is divergent because the self-focusing effect can't be formed, also experiences a high loss due to the core diameter and refractive index mismatch not only between SMF and GIMF, but also between GIMF and SIMF. Therefore, the most laser beam will diverge significantly, will not couple into the SMF again. For the high-intensity incident laser, shown as the red line arrow, the more high-order modes are inspired to generate NL-MMI in GIMF and SIMF, which makes laser beam fully couple into the core of SMF. This characteristic of light intensity-dependent transmittance, similar to the saturable absorption effect, can be used as SA to achieve mode-locking operation of fiber laser. In this structure, the double GIMF can excite more high-order modes, enhance the nonlinear multimode interference effect, improve the saturable absorption; furthermore, a short SIMF was inserted between two GIMFs to generate more high-order modes, adjust the self-focusing length. This SA has symmetrical structure and optical path reversibility, which improves the coupling efficiency and long-term stability. In addition, the fabrication of symmetrical GIMF-SIMF-GIMF SA does not require special spliced technology or other processing technology. As illustrated in Fig. 2 , the transmission spectrum of the SA was measured with a 1550 nm broadband source. It showed that its absorptivity is almost the same value in the wavelength range of 1500 to 1600 nm due to keeping the fiber configuration stable in the experiment, which means that the SA can work in a wide wavelength range. 
Experimental Setup
The fiber ring laser mode-locked by the GIMF-SIMF-GIMF was schematically illustrated in Fig. 3 . An Erbium-doped fiber (Core active, EDF-L900, length 6 m, with dispersion parameter of −16.3 ps/nm/km) was used as the gain medium. The single mode fiber (Corning, SMF-28e+, length 14 m, with dispersion parameter of 18 ps/nm/km) was used to connect the devices in the cavity. The GIMF-SIMF-GIMF device was used as SA. A laser diode (Amonics, ALD-980-500-B-FA, central wavelength 976 nm) via a fused wavelength division multiplexer (WDM, 980/1550 nm) was used as the pump source. A polarization controller (PC) was utilized to adjust the polarization states of the soliton. A polarization independent isolator (PI-ISO) was used to ensure the laser unidirectional operation, and a 10:90 optical output coupler (OC) was used to output the optical soliton. The total net cavity dispersion was about −0.19 ps 2 . Outside the cavity, an optical spectrum analyzer (OSA, AQ6370C, spectral resolution of 0.02 nm) was employed to monitor the laser spectrum, and an oscilloscope (TekMDO3104, 1 GHz) combined with an photo-detector (Newport 818-BB-35F, 12.5 GHz) was used to record data of soliton sequence and measure the radio frequency (RF) spectrum. An optical auto-correlator (FR-103XL) was used to measure the autocorrelation trace and duration of soliton. Moreover, a frequency spectrum analyzer (Keysight N9000A, 7.5 GHz) was employed to measure the phase noise of out soliton.
Experimental Results and Discussions

Research on Mode-Locking Threshold and Conversion Efficiency
At first, the SA was removed from the cavity, the laser only operate at a continue wave (CW) output state, no matter how to adjust the pump power and beam polarization states, which excludes the possibility of the nonlinear polarization rotation or self-mode locking. Then, the optical soliton was generated by increasing the pump power and adjusting PC after the GIMF-SIMF-GIMF SA was connected into the ring cavity, as sketched in Fig. 3 .
An interesting experimental phenomenon was found that the laser always started mode locking at a high pump power level. After soliton operation was obtained, the laser pump power could then be reduced to 20 mW while the laser still maintained the soliton operation. This phenomenon was known as pump power hysteresis [28] . As shown in Fig. 4 , it was illustrated that the average output power increased linearly with slope efficiency of 3.5% within the pump power range of 55.3 to 
Research on Output Characteristics of Fiber Laser
The typical characteristics of fundamental repetition rate soliton were measured in Fig. 5 by increasing pump power to 124.63 mW and adjusting the PC carefully. As shown in Fig. 5 , it could be found that Kelly sidebands symmetrically distribute in optical spectrum in Fig. 5(a) , which indicated that laser output optical soliton. The central wavelength and 3 dB bandwidth of the optical spectrum are 1562.5 nm and 9.98 nm, respectively. As sketched in Fig. 5(b) , the soliton fundamental repetition rate was measured to be 10.29 MHz; the time interval of adjacent solitons was 97.2 ns, which matches with the cavity roundtrip time. The Radio frequency (RF) signal was also measured to analyze the stability of the laser, shown in Fig. 5(c) . The signal-to-noise ratio was measured to be 58 dB at the 20.5 MHz. This indicated that the stability of the laser is good. An optical auto-correlator (FR-103XL) was used to measure the profile and duration of the soliton. The results are shown in Fig. 5(d) , in which the blue dots and red curve represent experimental data and gauss fitting curve, respectively. The fitting curve matches the experimental data points properly, which indicated that the profile of soliton is Gaussian with duration of 364 fs. According to the theory of soliton, the time bandwidth product (TBP) of soliton can be expressed by following formula.
Where τ, c, λ c and δλ represent the pulse-width of soliton, the velocity of light in vacuum, the central wavelength and the 3 dB bandwidth of optical spectrum, respectively. In our experiment, τ = 364 fs, λ c = 1562.5 nm, δλ = 9.98 nm, therefore, the TBP of soliton was 0.446, which was only a little bigger than Gaussian Fourier Transform limit value (0.441). This demonstrated that the optical soliton in the laser cavity was very stable, also indicated that the optical soliton output from the mode-locked laser is nearly perfect. Next, pump power was continuously increased to 177.4 mW, the long-term operation stability of the fiber laser was also examined. The optical spectra were recorded every 6 hours for 48 hours in Fig. 6 . It can be seen that the profiles of the spectra are nearly unchanged under the conditions that the positions of the three-paddle of the PC were well fixed and the fiber laser was protected from external vibrations, which shows that the mode-locked state of the laser is always maintained, thus the long-term stability was confirmed. As shown in Fig. 7 , the laser phase noise was also measured within offset frequencies from 10 Hz to 3 MHz by a frequency spectrum analyzer. The experimental measurement results show that the phase noise at the offset frequency of 10 KHz is −102.82 dBc/Hz, which also indicates that the output soliton is stable and the phase noise is negligible.
Research on Mode-Locking Operation With Tunable Repetition Rate
During the experiment, the 45th and 74th harmonic mode-locking operation was proved through two steps. At first, the pump power was increased from 177.4 mW to 228.5 mW to generate Greater gain and higher laser intensity. Secondly, the PC was adjusted properly to change the stable NL-MMI effect in the symmetrical GIMF-SIMF-GIMF SA, while maintaining the pump power at 228.5 mW. Therefore, the laser repetition rate was tunable from 462.96 MHz to 736.36 MHz by adjusting the PC properly at pump power 228.5 mW. The experimental results of the 45th-harmonic were shown in Fig. 8 . The central wavelength and spectral width were 1561.02 nm and 7.21 nm, respectively, in Fig. 8(a) . The interval of adjacent solitons was 2.16 ns in Fig. 8(b) and the soliton repetition rate was 462.96 MHz, which was 45 times of the fundamental frequency, i.e., 45th-harmonic soliton mode-locking. The 74th harmonic mode-locked laser can be obtained by adjusting the polarization state of the laser to the optimal position during the experiment. As shown in Fig. 8(c) and (d) , its central wavelength and spectral width were 1559.54 nm and 5.12 nm, respectively. The time interval between two adjacent solitons was 1.31 ns. The soliton repetition rate was measured to be 763.36 MHz, about 74 times of the fundamental repetition rate. Symmetrical Kelly sidebands and stable soliton sequence showed that the laser operated at 74th-harmonic soliton mode-locking. Since the maximum optical power that WDM can withstand is about 300 mW, for protecting the experimental equipment the pumping power is not increased continuously.
The explanation to the above experimental phenomena, the repetition rate is adjustable may be due to the number variation of high-order harmonic. For the generation of high-order harmonic, it may be caused by a peak-power-limiting effect of the laser cavity [28] . The energy of single soliton will not increase all the time but will split multi-soliton when its energy reaches a maximum due to peak-power-limiting effect. Firstly, the laser gain, energy and peak power of single soliton, and NI-MMI effect are increased by increasing pump power to 228.5 mW. Then the single soliton energy reaches maximum and can't continue to increase but split to multi-soliton in this case. Furthermore, the NL-MMI effect of the SA is related to the laser polarization state, so it can be controlled and changed by rotating the PC while maintaining the pump power at 228.5 mW, which means that the single soliton energy is also controlled and changed. Therefore, the peak-power-limiting effect has changed, which causes the number of multi-soliton to be changed, too. After a short time, the multi-soliton is stabilized again due to the interaction of intra-cavity dispersion and nonlinear effects; the time interval between two adjacent solitons is decreased to form harmonic. Therefore, 45th and 74th harmonic are obtained; the laser repetition rate is tunable by increasing pump power and rotating PC properly. Table 1 indicated the parameters of mode-locked fiber lasers based on different SAs structures. Obviously, the fiber laser we proposed has a narrower pulse width, lower threshold and higher repetition rate in our experimental results. In particular, the mode-locking threshold of 20 mW and soliton duration of 364 fs implied wonderfully mode-locked operation in our work. Therefore, the symmetrical GIMF-SIMF-GIMF structure can serve as a promising SA candidate to obtain both ultra-short soliton and tunable repetition rate soliton in ultrafast fiber laser.
Analysis and Comparison of Laser Parameters
Conclusions
In conclusion, a symmetrical GIMF-SIMF-GIMF structure was designed as the stable wide-band SA. Then, a femtosecond soliton erbium-doped fiber laser based on this SA was proved and its output soliton with duration of 364 fs at 1562.5 nm and repetition rate was tunable from10.29 MHz to 763.36 MHz. The laser also has the advantages of low mode-locking threshold and good stability.
In addition, the symmetrical GIMF-SIMF-GIMF SA has the advantages as following, inoxidizability, immunity to the external environment variation, high damage threshold, low cost, all-fiber structure, and good stability. Moreover, our research results proved the feasibility of symmetrical GIMF-SIMF-GIMF SA and provided a new approach to design femtosecond fiber laser with tunable repetition rate.
